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ABSTRACT 
Extension properties of compact positive operators on Banach lattices are investigated. The 
following results are obtained: (1) Any compact positive operator (any compact lattice homo- 
morphism, resp.) from a majorizing sublattice G of a Banach lattice E into another Banach lattice F 
can be extended to a compact positive operator (a compact lattice homomorphism, resp.) from E 
into F; (2) Any compact positive operator defined on a closed majorizing sublattice G of a Banach 
lattice E has a compact positive extension on E that preserves the spectrum (a necessary modifica- 
tion is needed). Related extension problems are also studied. 
0. INTRODUCTION 
The celebrated Hahn-Banach extension theorem for linear functionals has 
been generalized in many different directions. In particular, extension theorems 
for linear operators (i.e., transformations) rather than linear functionals have 
been developed. One of the earliest results concerning extensions of positive 
linear operators is the following well-known theorem of L.V. Kantorovich: 
Theorem. Let E be a Riesz space and let G be a linear subspace of E majorizing E 
(i.e., for every x E E, there exists an element y E G such that 1x1 5 y). Then every 
positive linear operator T dejined on G with values in an order complete (i.e., 
Dedekind complete) Riesz space F can be extended to a positive linear operator of 
E into F 
It is proved in [5], also in [3] that the above theorem is valid for any lattice 
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homomorphism. More precisely, any lattice homomorphism defined on a ma- 
jorizing sublattice with values in an order complete Riesz space can be ex- 
tended to a lattice homomorphism defined on the whole space. We refer to [5] 
for the details. Some extension problems for compact positive operators were 
also discussed in [4]. Other related extension theorems can be found in [lo]. In 
this paper we prove that the above result is also valid for compact positive 
operators as well as for compact lattice homomorphisms without assuming 
that the range space is order complete. We also prove that a compact positive 
operator defined on a closed majorizing sublattice G of a Banach lattice E has a 
compact positive extension on E that preserves the spectrum under a necessary 
modification. 
The notations used in this paper are standard and [6], [7], [9] and [I l] will be 
our general references for Banach lattices, positive operators and Riesz spaces 
(i.e., vector lattices). 
1. EXTENSIONS OF COMPACT POSITIVE OPERATORS 
Recall that a norm-bounded operator from a normed space into another is 
said to be compact if it maps norm-bounded subsets into relatively compact 
subsets, subsets whose closures are compact. It is well-known that the compo- 
sition of a compact operator with any norm-bounded operator is a compact 
operator. 
In this section all spaces are assumed to be real spaces. A vector subspace G 
of a vector lattice E is called majorizing if for any x E E, there exists z E G such 
that x < z. The main result of this section states that any positive compact op- 
erator from a majorizing sublattice of a Banach lattice E into another Banach 
lattice F can be extended to a compact operator from E to F. Notice that order 
completeness of the range space plays an important role in the study of exten- 
sion problems, while in this paper we do not have to assume that the range 
space is order complete and we will show how the compactness of the operator 
replaces the role of order completeness. The following is the main theorem of 
this paper. 
Theorem 1.1. Suppose that E and Fare arbitrary Banach lattices. Let G be a 
majorizing sublattice of E. Then there is a constant p 2 1 depending only on E and 
G such that any compact positive operator T : G --t F has a compact positive ex- 
tension Sfrom E into F with l/Sll < PII TJI. 
Remark. If G itself is an order complete Banach lattice, the proof is straight- 
forward. In fact, it follows from the above theorem of Kantorovich that the 
identity operator Z : G + G can be extended to a positive operator q : E + G. 
Then the operator T o q is compact, positive and an extension of T, and we can 
take P = 11~11. 
The proof of Theorem 1.1 for the general case is divided into three lemmas. 
Lemma 1 plays a crucial role in the proof of the theorem. 
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Lemma 1. Let G be a majorizing subspace of a Banach luttice E. Then there erists 
a constant /? 2 1 depending only on G and E such that if x E E with /I.Y~/ 5 I. then 
there exists z E G with l\zll 2 Pfor which x < z. 
Proof. Suppose that this is not true. Then we can find a sequence _Y, in E with 
/Ix,JI 5 1 such that no element in {z: z E G. 11~11 5 n’} will be greater than or 
equal to x,~ for each n. Form x = C,“=, Ixni/n’ in E. Since nz x > .x,~, no ele- 
ment in {z: z t G. lIzI/ < n} will be greater than or equal to x no matter how, 
large n is. This is a contradiction to the assumption that G is a majori7ing sub- 
space. 0 
Lemma 2. Let E, F, G and T be as in Theorem 1.1. Then,for an) x E E7 
p(_v) = inf{T(z): 0 5 x < z. 3 E G} 
exists, andp thus deJned maps E+ into F+ and has the ji,lloM~ing propertit1.r: 
(1) p(.u+y) <p(x) +p(y),forallx,y E E+; 
(2) p(k) = Ap(x) for all x E E, and X > 0; 
(3) p(z) = T(z) for z E G + andp(x + 2) = p(s) t- T(z) for x E E, and z E G, ; 
(4) p is monotone, that isp(x) 5 p(y) for all .Y 5 J in E.,; 
(5) p(x + y) -p(y) E PT( UG) for any x,_y E E+ with llxli I 1. 
Proof. It is sufficient to prove that the infimum exists for any .Y t E. with 
llxll 5 1. Fix any such x in E+. It follows from Lemma 1 that there exists z() E G 
with /l-70/1 < ;‘1 such that x I z 0. Since G is a sublattice and since T is positive. 
theset{T(z): .x<-_< 20, z E G} is a decreasing net consisting of nonnegative 
elements. Since T is compact and since this net is contained in the compact set 
fiT( UG), we conclude that this net norm converges to some element u in F. and 
so u is the infimum of the net (see [9], p. 89). It is clear that u is also the infimum 
of the set {T(z): x 5 z, z E G}, since G is a sublattice. So p(xj is well defined. 
Moreover, p(x) is the limit of a sequence of elements in the compact set 
$T( UG). In particular, p(x) E pT( UC;). It is easy to verify that p has properties 
(1). (2). (3) and (4) (see also [7], Section 1.5). It remains to show that p has 
property (5). 
First observe from above that for any x E E+, there exists a (decreasing) se- 
quence (gll) in G such that x I g, for each n and lim, T(g,) = p(x). Now fix 
.Y.,v t E+ with llxli I 1. Choose sequences un, zn E G such that x + J I u,, and 
y 5 L, for all n, and such that lim, T(u,) = p(x + y) and lim, T(z,) = p(y). We 
may assume that zn 5 u,, otherwise we simply replace zn with -7* A un and we 
still have y I z, A U, and lim, T(z, A u,) = p( y). Now. by Lemma 1, choose an 
element w E G with llwll < /3 such that .x 5 u’. Since x + y 5 (w + z,) A u,, 5 u,,. 
we have lim, T((w + zn) A u,) = p(.r + y). Then, 
~(x+y)-p(y)=linmT((w+z,)Au,-,-,) 
= lip T(w A (u, -z,)) E :W(Uc), 
since MI A (u, - z,) E G+ and has norm < p. The proof is completed. 0 
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Remark. If we assume that F is order complete, then, by the theorem of 
Kantorovich, T has an extension S such that 0 < S(x) < p(x) for all 0 I x E E. 
But it is not clear whether S is compact. To show that T has a compact positive 
extension, we need further investigation. 
Lemma 3. Let S : E+ -+ F+ be a mapping that has all the five properties in 
Lemma 2. Fix yo E E+. Then for any x E E+ 
R(x) = inf{S(x + tyo) - tS( y0) : t 2 0) 
exists and R is a mapping from E+ into F+ that also has the jive properties in 
Lemma 2. Moreover, R(x) 5 S(x) for all x E E+. 
Proof. We may assume that l]x]l I 1. Since S has properties (1) and (2), we see 
that S(x + tyo) - tS( yo) decreases when t increases. Since S has property (5), 
the infimum exists, and in fact, 
R(x) = m%[S(x + tyo) - tS(Yo)] 
where the limit is taken with respect to the norm topology. From this, we easily 
see that R has property (l), (2) (3) and (4). For example, we show that 
R(x + y) < R(x) + R(y) for all x, y E E+. Since 
S(x + Y + tvo) - WYO) 
++;Yo)+s(Y+;Yo)-ts(yo) 
=s x+iyo -f( > S(Yo)+S y+ ;yo ( > - ; S(Yo). 
We obtain R(x + y) 5 R(x) + R(y) by taking the limits. Properties (2), (3) and 
(4) can be proved similarly. Since S has property (5) and since 
R(x + Y) - R(Y) 
= jiinJS(x + Y + tYo) - NYO) - (S(Y + tyo) - tS( Yo))] 
= ji~c[S(x +Y + tyo) - S(Y + tyo)] E PT(UG), 
R has property (5). The last statement of the lemma is trivial. 0 
Proof of Theorem 1.1. We follow the idea in the proof of Theorem 1.5.2 in [7]. 
Let 
M = {$: E+ --f F,, and 4 has all the five properties in Lemma 2). 
Then, by Lemma 2, M is nonempty. Now let M be ordered pointwisely, that is 
~$1 I $2 if and only if $1(x) < 42(x) for all x E E+. Let {q&} be a chain in M. 
Define, for any x E E+ 
40(x) = inf{h(x)), 
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here the infimum exists since, by property (5), &(x) E ,!3T( UG) for all x E E, 
with l\xll < 1 and since {&} is a chain. It is easy to verify that $0 has properties 
(l), (2), (3) and (4). It remains to show that 40 has property (5). Fix x,y E El 
with jlxll 5 1. By compactness of [jr( UC) and the fact that {4i} is a chain, we 
can find a decreasing sequence {&} C {&} such that lim, C&(.X +y) = 
#0(x + y) and lim, &( y) = 40(y). So we have 
$o(.x+Y) -40(y) = lip(h,(x+y) -h(y)) t W(~G). 
So $0 is a lower bound of the chain. By Zorn’s lemma, the set M has a minimal 
element S. We now show that S is additive and positive homogeneous from E, 
into F+. Fix y E E+ and define 
R(x) = inf{S(x + ty) - tS( y) : t 2 0) 
for all x t E_. By Lemma 3, R E M and R < S. So R = S by the minimality of 
s. so 
S(x) I S(x + y> - S(Y) 5 S(x). 
This implies that S(x + y) = S(x) + S(y). Moreover, S(Xx) = AS(x) by prop- 
erty (2). Therefore, S is an additive and positive homogeneous mapping from 
E+ into F+. It is well-known that S has a positive extension to the whole space 
E. The extension is compact since property (5) implies that S(x) E pr( UG) for 
all x E E+ with /1x1( I 1, from which it also follows that /\S(I 5 PliTII. The proof 
is finished. q 
When the positive compact operator T is defined on an ideal of E, T always 
has a positive compact extension to E, and the proof is completely different and 
much simpler. 
Theorem 1.2. Let E and Fhe arbitrary Banach lattices, and let EO be an ideal qj’E. 
tchich is not necessarily closed. If T : Eo --) F is a positive compact operator. then 
7’ has a norm preserving positive compact extension to E. 
Proof. We first show that for any 0 5 x E E. the following exists. 
T(x) = sup{ T(z) : 0 5 z < x, z E EC)}. 
Since the set {T(z) : 0 < z 5 x, z g Eo} is precompact (because T is a compact 
operator) and since the set is an increasing net (since T is positive and EO is a 
sublattice), we conclude that this net norm converges to some y in F. Now de- 
fine T(x) = y. Using that fact that Eo is an ideal, we can show that F is additive 
and positive homogeneous on E+. So f extends to E. It is clear that f is posi- 
tive, and that IIrjl = IlTll. It remain to show that r is compact. Let U- = 
{x E E+: /1x1( 5 1). It IS sufficient to prove that ?( U+) is contained in a com- 
pact subset of F. Now let V = {x E EC): IIxJ/ < l}. For any x E U,, we see from 
above that 
_____ ___ 
T(x) E {T(z): 0 < z < x, z E Eo} & T(V), 
563 
where the overlines mean the norm closures in F. So l?( U+) C T(V). Now the 
latter is compact in F. This completes the proof that r is compact. q 
Remark. If the infimum of the /3’s in Theorem 1.1 is 1, then the operator T has a 
norm preserving positive compact extension, since if the infimum is 1, then 
property (5) in Lemma 2 can be replaced by the following: p(x + y) -p( Jo) E 
T( UC) for any x, y E E+ with 1(x/( < 1. This can be seen from the proof of 
Lemma 2. 
Example. Let G = C[O, l] be the Banach lattice of all continuous functions on 
the unit interval [0, l] and let F = B[O, l] be the Banach lattice of all bounded 
functions on [0, 11. Define T : G -+ F by 
Tf(x) = ff(t) dl 
0 
for all f E G and all x E [0, I]. It is well-known that T is a compact positive 
operator. Since G is a majorizing sublattice of F and since /3 = 1, it follows 
from Theorem 1.1 that T has a norm preserving positive compact extension S 
from F into itself. 
It is known that a lattice homomorphism from a majorizing sublattice of a 
Riesz space E into an order complete Riesz space F extends to a lattice homo- 
morphism from E into F. See [5] or [3] for the details. Next we show that this is 
also true for compact lattice homomorphisms. More precisely, we have the 
following. 
Theorem 1.3. Let E and F be arbitrary Banach lattices. Let G be a majorizing 
sublattice of E. Then any compact lattice homomorphism T : G -+ F extends to a 
compact lattice homomorphism S : E + F such that llSl/ 5 @[IT/I, where /3 is the 
same as in Theorem 1.1. 
Proof. A large part of the proof is the same as the proof of Theorem 1.1. Once 
again we define 
p(x) = inf{ T(z): 0 < x 5 z, z E G}. 
Then p has the five properties in Lemma 2. Moreover, using the fact that G is a 
sublattice and T is a lattice homomorphism, we can easily show that p has the 
following property (see also [7], page 49): 
Property(6). ~(XI V x2) =p(xl) Vp(xz)for all ~1~x2 E E+. 
Now let A4 be the set of all sublinear mappings from E+ into F+ that have 
properties (l)-(6). As in the proof of Theorem 1.1, we can show that M has a 
minimal element S, since 40 in that proof also has Property (6). Define R as 
before. Then R has Properties (l)-(5). Moreover, since S has Property (6), we 
have, for any x, y E E+, 
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So R also has all the six properties. Therefore, S = R and S is additive and 
positive homogeneous on E+. Now extend S to E by setting S(u) = 
S(x*) - S(x ) for all x E E. Since S has Property (6), it is easy to see that 
S(]x]) = IS(X)]. so S 1s a lattice homomorphism. See also [7], Lemma 1.5.13. 
where we do not have to assume that F is order complete. As before, S is com- 
pact by Property (5) and /ISI] 5 ,/?]I T]I. q 
Theorem 1.4. Let E and F be arbitrary Banach lattices. Let G be a majorking 
sublattice ofE. If T, and T2 are positive compact operators,jrom G into F such that 
Tl 5 T2, then there exist positive compact operators SI, &from E into F such that 
S, is an extension of Ti (i = 1,2) and such that S1 5 Sz. 
Proof. Let D = T2 - T, Then D is a positive compact operator from G into F. 
By Theorem 1.1, D extends to a positive compact operator, say S from E into F. 
Similarly, TI extends to a positive compact S1 from E into F. Form 
SZ = S + Si. Then it is easy to see that S2 is a compact positive extension of T, 
such that SI 5 &. The proof is finished. q 
It is easy to see that the compact positive extension of a compact positive 
operator T is not unique in general. The next result shows that the extensions of 
T cannot be compared with each other. 
Theorem 1.5. Let E and F be arbitrary Banach lattices. Let G be a majorking 
sublattice of E. Suppose that T is a compact positive operator from G into Fund 
thut S1, S2 from E into F are two compact positive extensions of T .such that 
S1 2 S2. Then S1 = &. 
Proof. Let S = & - S1. Then S is a positive operator from E into F and S 
vanishes on G. Since G majorizes E, we must have S = 0. So Si = S2. q 
We end this section with the following theorem for the finite dimensional 
case. It follows easily from some well-known results. 
Theorem 1.6. Let E and F be arbitrary Banach lattices: and let G be u finite di- 
mensional sublattice of E. Then any positive operator T,from G into Fextends to u 
compact positive operator from E into F. 
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Proof. Suppose that the dim(G) = IZ. Then there exist n nonzero mutually dis- 
joint positive elements {e,} in G. It is easy to see that such elements form a basis 
ofG,andifx=Cy=, X~e~,thenx~OinGifandonlyifallX~~O.Lete,”bethe 
positive functionals on G such that et(ei) = 6g. Then we have the following 
representation for T. 
T(x) = C er(x)T(ei) for all x E E. 
i= 1 
It is well-known that each e; has a norm preserving positive extension (see [4]), 
sayA, to E. Define a positive finite rank operator S from E into P by 
S(X) = 5 J;-(x)T(ej) for all x E E. 
i= 1 
Then S is a compact positive extension of T. III 
Remark. We note here that all the above results are also valid for weakly com- 
pact positive operators, since the set T( UG) is weakly compact and hence every 
increasing net in it is norm convergent. 
2. THE SPECTRUM OF THE EXTENSION 
In this section all Banach lattices are assumed to be complex. Let E be any 
complex Banach lattice and let G be any closed majorizing sublattice. Let T be 
a compact positive operator on G. The main theorem in Section 1 shows that T 
has a compact positive extension S from E into itself. Now one wonders if S can 
be made to preserve the spectrum of T. It turns out that the answer is affirma- 
tive but a necessary modification is needed. In the following we use a(T) and 
r(T) to denote the spectrum and the spectral radius of T respectively if T is a 
bounded operator on a Banach space. 
Theorem 2.1. Let E be an arbitrary complex Banach lattice’and let G be a closed 
majorizing sublattice of E. Suppose that T is a compact positive operator on G. 
Then there exists a compact positive extension S on E such that u(S) U (0) = 
c(T) U (0). Inparticular, r(S) = r(T). 
Proof. We choose E, G and G as the E, F and G in Theorem 1.1 respectively. It 
follows from this theorem that there exists a compact positive operator 
S : E + G such that S extends T. We now consider S as a bounded operator on 
E and show that S has the property in Theorem 2.1. Let X E o(T) be any non- 
zero element. Then it is well known that X is an eigenvalue of T. Since S is an 
extension of T, X is also an eigenvalue of S. So it remains to prove that any 
nonzero element in g(S) is also an element of CJ( T). Let ~1 E a(S) be any non- 
zero element. Then ,LL is an eigenvalue of S. That is, there exists a nonzero ele- 
ment x E E such that SX = px. Since S(E) G G by above, we must have px E G. 
Now p # 0 implies that x f G. Since S is an extension of T, we obtain TX = 
Sx = px. Therefore, p E a(T). q 
566 
Remark. In Theorem 2.1, the modification about the preservation of the spec- 
trum is necessary, since if G is a finite dimensional sublattice and if E is infinite 
dimensional, then the identity operator on G is compact and any compact ex- 
tension of the identity is not an invertible operator on E. 
Corollary 2.2. Let E be an arbitrary complex Banach lattice and iet G hc a 
closed majorizing sublattice of E. Suppose that T is u quasi-nilpotent compact 
positive operator on G. Then T has a quasi-nilpotent compact positive extension S 
on E. 
Proof. It is an easy consequence of Theorem 2.1. •I 
The following result is related to Theorem 2.1 and Corollary 2.2. 
Theorem 2.3. Let E be an arbitrary comple.~ Banach lattice and let G he a 
closed majorizing sub~attice of E. Then there exists a positive constant /j 2 i 
depending only on E and G such that any compact positive operator T : G --+ G 
has a compact positive extension S : E -+ E with /IS”/] 5 Pi/T”/l for all positive 
integers n. 
Proof. We choose E, G and G as the E, F and G in Theorem 1.1 respectively. Let 
,B be obtained by Theorem 1.1. Then it follows from this theorem that T extends 
toS:E --t G. We consider S as a bounded operator on E. For any x t E, with 
/lx]1 = I, it follows from Lemma 1 in Section 1 that there exists 2 E G+ with 
//zj/ 5 Y such that x < z. So we have 0 < S”(X) < S”(z) = r”(z). from which we 
immediately obtain //S”// < /9![7’“[/ for all n. q 
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